Abstract.-The Werthamer equation f o r a dc current-biased small tunnel junction between i d e n t i c a l superconductors i s solved a t f i n i t e temperature and f o r various capacitances. The average voltage-current c h a r a c t e r i s t i c s a r e i n v e s t i g a t e d ; cusplike s t r u c t u r e s a r e found a t odd subharmonic gap voltages.
The d c I-V c h a r a c t e r i s t i c s of a current-
biased c a p a c i t i v e Jpsephson junction has been inv e s t i g a t e d both experimentally /1,2/ and theoret i c a l l y /3,4/. As a t h e o r e t i c a l model, the Werthaner equation has been used, derived microscopically from t h e weak coupling BCS theory / 5 / . I t i s an i n t e g r o -d i f f e r e n t i a l equation f o r the time evolut i o n of t h e phase (difference) which takes t h e dynamics of t h e voltage f u l l y i n t o account i n cont r a s t t o a l l d i f f e r e n t i a l -t y p e Josephson equations which make u s e of t h e a d i a b a t i c approximation. The most s t r i k i n g discrepancy between a t a l l frequenc i e s w = w / n , n = 1 , 2, 3, ... 
t i o n c o e x i s t s with the s t a t i c s o l u t i o n i n t h e range between a b i f u r c a t i o n
c u r r e n t I and J 1 ( 0 ) , the maximum Josephson curr e n t . The numerical s o l u t i o n i s found by a Fourier expansion method of O ( t ) , s t a r t i n g from a given (dc average voltage) V and Fourier c o e f f i c i e n t s {Cn}, which a r e improved by i t e r a t i o n ; t h e impro-I ved s o l u t i o n {Cn) i s determined by solving t h e d i f f e r e n t i a l equation ( I ) , where the i n t e g r a l evaluated by means of the s t a r t i n g function $ ( t ) i s considered a s an inhomogeneity. The i t e r a t i o n i s continued u n t i l r e l e v a n t d i g i t s i n I and iCN} no longer change, even i f the ( f i n i t e ) number of Fourier c o e f f i c i e n t s i s increased f u r t h e r .
The steady-state c u r r e n t I can be separated i n t o a q u a s i p a r t i c l e p a r t I generated by t h e 4 Q term, the l i n e a r p a r t of Io(w), and G+, and i n t o t h e p a i r currerit Ip stemming from F i t ) . For a per i o d i c function 4 (t) , t h e displacement c u r r e n t vanishes on t h e average and t h e r e f o r e t h e t o t a l (input) c u r r e n t s e p a r a t e s i n t o i s I + I = I Q P
c M G 6 Figure 1 shows the c h a r a c t e r i s t i c s I (V) , 2e Q I (V) , I(V) f o r TITc = 0.813 and t h e capacitance P parameter 6 = 0.1. The dotted curve r e p r e s e n t s where t h e kernels F ( t ) and G+(t) = G(t) + (GNH/e) 10(w = eV/h), which i s i d e n t i c a l with I and I 6 ' ( t ) asymptotically o s c i l l a t e with the gap f r e -Q f o r 8 = -. For V -10, I I 'L G V, whereas t h e quency w and decay l i k e t-l ( s e e reference 171.
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Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:19786254 p a i r c u r r e n t vanishes i n agreement w i t h t h e asympt o t i c s o l u t i o n of (1) 181. For eV/A 2 2, I and I P have a s i n g u l a r i t y , whereas f o r e V / A % 213, 215, t h e curves e x h i b i t f i n i t e cusps w i t h an I minimum; t h e q u a s i p a r t i c l e c u r r e n t I behaves analogous t o Q I (V) b u t shows a s t e p l i k e s t r u c t u r e a t odd subhar-0 monic frequencies. On t h e whole, I(V) , which b e a u s e of t h e d i s c o n t i n u i t y i n Io(V) drops r a p i d l y j u s t below eV/A = 2, v a r i e s o n l y s l i g h t l y a t lower volt a g e s , b u t must decrease a g a i n a s V + 0 , s i n c e the v o l t a g e should r e s e t a t t h e b i f u r c a t i o n c u r r e n t I (6) < J 1 (0) = 0.998 %Ale.
c l e a r l y e x h i b i t the Riedel s i n g u l a r i t y a t the gap v o l t a g e and c u s p l i k e c u r r e n t minima a t odd subharmonic gap frequencies; when temperatures a r e small, t h e subharmonic gap s t r u c t u r e becomes more s t e p l i h . Q n e r a l , does not v a n i s h f o r V-rO.
I n f i g u r e 2, I(V) and I (V) a r e compared P f o r 6' 1 a t d i f f e r e n t temperatures, namely, f o r A(T) /T equal t o 0 (dashed curve), 0.5 (dash, oned o t c u r v e ) , I (dash, two-dot curve), 1,5 (dash, three-dot curve) and (dotted curve). The corresponding o r i g i n s a r e displaced along t h e c u r r e n t a x i s . The r e s p e c t i v e maximum Josephson c u r r e n t s a r e i n d i c a t e d by f u l l c i r c l e s [increasing for increas i n g A ( T ) /~. The c u r r e n t e x h i b i t s a s i n g u l a r i t y a t t h e gap v o l t a g e and cusps a t odd subharmonic gap f r e q u e n c i e s , becoming s t e p l i k e when T = 0 i s approached. The p a i r c u r r e n t (P) i s negative f o r l a r g e V i n agreement w i t h t h e asymptotic s o l u t i o n 181.
I n conclusion, i t can be s a i d t h a t d c I-V c h a r a c t e r i s t i c s computed from t h e Werthamer equation
Apart from t h e s e d e t a i l s , t h e c h a r a c t e r i s t i c s f o llow 10(V) f o r V > V but decrease almost linearly g' f o r temperatures near T f o r 0 < V < V o r remain g ' p r a c t i c a l l y constant i n t h a t range a t low temperat u r e s .
